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Agenda We'll talk about the "Dirichlet Problem" for

O Laplan Equation
② Poisson's Equation

· What is ellipticity
?

suppose one is given matrix A= laij) .

What does &XEI") XTAX =19 look like in IR2 ?

T
since XAx= XT)E(A+ AT)) X it suffices to consider for A symmetric.

say n = 2.
(x.y)(b)(j) = ax+ 2bxy + cyz = 1

if det(A) = ac- b > 0.

then
this is your set.
C



· In general , ellipticity refers to

positivity of the leading order coefficient matrix
A = (aig)

·

Simplest Example is LU=0. Laplan Equation S

What are some solutions ?

1) any linear functions

2) fundamental solution Tex = &C Ms2
I

they're radial global
solutions to 4720 exceptat 0.

O
obtained by solving Fin++gi =0

3) core solutions
and asamming for ex

: TC).

-~ fire nd as (20)
- E = do : I .

= ReCzC)



Some key properties for neces to =0

② mean value property nex = findy:fi diya
↓

this is "iff" for harmonic functions. too good to wish for
② Maximum Principle

for general elliptic PDEs.

& 4420 of
boundet wo D

Bi

③ Marnack Inequality
-> spec& 44to By By pointwise



A Quick Proof for Maximum Principle without MVP.

[ 44z B wo i

Pf assume of some OEB1 -
U100 ·

the construct a

family of barriersfix) = t(1-11) · note L= -ent
28

since AtIU on CB1.
At at sour

to7o
.

Pto(0) = M(0)

↓
Ato

[ Po >U Bi

~
= boo-i has interior local minimum.

=> acto-u) 20.

But ofus=but. <0

Contradiction ! Et



· In this talk we study Dirichlet Problem , which aske the following.
· Given an equation
· Given a region where this equation is satisfied
· Given Boundary Data

= ① Existence& Uniqueness
can 1 "solve" the equation ?

I so ,"solve" in what sense ? Is the solution unique ?
② Interior Regularity

How "smouth" can my solution become in the interior ?

③ Boundary Regularity
If my boundary data is sufficiently smouth , can my solution

approach the boundary data as smooth ?

Or even more. ⑪ Higher Regularity
If my coefficients,

domain and bounday data are "smeeth enough
."

Does my solution
inherit the smoothness ?

⑤ If I cannot solve the problem .

can I say something about when this happens ?



Problem Dirichlet Problem for DH50 on Balls.

Du= 0 B

[ u = guB
Method to solve Poisson's Integral formula .

xx) = AIfn dings
A formal derivation : for us . 1 smouth

, -nice.

Dou
assume Do = JUDU +1 rds-Juds

Choose V= Pg . logeo,
-> 0:)u4p + 1 ds-J

14179 so
9

3g( : = [ ynomia Wig => with t pole entered at to te.

touch in

c' fashion .

designedso4g = By,XBI this recovers.

u(x) =Juds-d
= 14g -> So . asgoo.



But we want to solve the "Dirichlet problem": say this
we knowulS But not lo" is as

2

Can I redesign and get rid of this ? ↓
Es! We introduce Green's function Exoy) := Moly) +hyolys

.where Uxo is harmonic replacement [4hyo = 0 in or

hxo = -To on Ge

If such "hxo" exists for -
then (A ) writes UWO) = JormlyyldSry) Green's Representation

Good News ! for= Ba .

one is able to find hxo !

How ? By reflecting "the pole" outside B1.



We ask How to construct a harmonic funtion in BG

that has boundary data - Yxo on UB1 T.
↑

X*:=2 reflect so that Recall Txo Inly-xo
Y

.

Lyox = Dxtoy ,

·

·

X i-2.
,= yes

Now design hyo :== Xo"Txotly>

-ITxot -Po
we define

Goly) : = Moly) - IxToly)
*

-Txolabi Green's function for B2

⑨

·

X.*
·Xoo



look at the Green's Kernel way) = Fy outwards normal on Br .

1- IXoR

xoly)= Kory
Here we construct Poisson's Integral formula U

=-Wit ,f diga
Interior Regularity can we differentiate in Xo ? Green's function is

ever in good , yes ! Can check that Gay) =By (X01. symmetric.

thus for any year 1 , 4 by <Xo) = 0

thus using Dominated Convergence theorem.

Xu(X) = 0 - Xo BI

=> By mean value property we know neC.



Continuously Approach Boundary Data Assume g (2012)

n-1

Can I show that ux=S glyxy) day) continuously approach g
?

2

If 82 has exterior Ball condition. then yes
!

ensure that 780 , sup (x)*
* ly-yolzS

ewity
One may design Barrier Wys= that satisfies 4Wy ,

10 A

Yo I Wy ,
<

yowy,

A := Buy nI
to trap boundary data j(x) = Wy , (x) vxE2A

Now since y is harmonic Xy -yolzs
and Wy ,

is superherment YoE CB1.

=> By Maximum Principle supyx) = Wy ,
(x) vXe A

ly-yo/2S Send x- Yo



Why bother doing the above ? use Jxy)dSy) = 1

1u(x-g(x) = 1) (ex- gox) xy> & Sup/

-Syxgg
6 "geClOBS t

due to uniform convergence
= - 0 as X-X0 ·

outside S-neighborhood .

Thus we conducte we CiBise (B)
Uniqueness Do I have uniquenes

?

Yes . By By is hold domain & maximum principle



Problem ② Dirichlet Problem for Alt on er
with exterior Ball condition,

2

I 44g or for example , - C has exterior ball condition.

Method to solve Person's Method u(X) : = Supposxs)v
= g on or 3V subharmonic in of

Ve(() .

key important fact : subharmonic funtion remain subharment upon taking maximum.

subharmonic

W
We also define harmoni lifting W for any V st LVz0 ·emai XW=o BI

-> this is solvable due to· ( w = v -B / our problem

o use MVP one can see VEW in B1

thus max (w , 03 over of ? By

BI
remains subharmonic function.



Claim Nex) is harmonic in e => UECCO) interior regularity them constants are

- C
subharmoniz

first of all ,

the admissible set is nonempty , because mit inta g
= V = M :=sup g

Due to definition via "sup" , onemay take "maximizing sequence" to M.

Pick any
XoG, and BEX)t .

Choose &ViS admissible st lim Vi(Xo) = UCXO
is

take [Wi] as harmonic lifting of Vi in BrCXo

- With
then (Wi] remains "admissible"

moreover m < Vi = Wi = N. Br(Xo)· [ limVisX =Wi : not s

,
&Wi = 0

Br(Xo)

Xo" Box By uniform convergence of hamonic functions preserve "harmonizing
and Asceli-Arzela

. ma know W := lim W: remains harmonic in B(Xo)& interior gradient it

estimate up to subsequences.
Butme only know W(X)= U(X0

at this single point.

If we know Will in Bellol we're happy .....



To see this ,
take another point XIEB, CXo) ·

XIEXO.

- Repeat the same procedure as above

Fitt just this time ,

take "maximizing sequence"
with with (i) sit Fiz Wiv i.· wi then take swi harmont lifling of ii in BCXO
By mc V: <WiY := U.

Xo x; BSX) -S lim :CX 1 3 = line Wi(X) = U(X1)
i=>a ina

-

lim Vi(Xo) = lin <Xo)= (X0) =W(X0) = U(XO)
+x in2

By Asceli-Arzeda. := lim #I is another harmonic function in BIXO
in

But (4
= DW = 0 BrXo

~ (Xo)= W(Xo)

ByStrong Maximum Principle we know w = W in Br(x)

In particular at X1 .
UNIT=IX= WIXI

.

But XI is arbitrary to



continuouslyApproach Bounday Pater let ge(().
Can we show thatie continuously approach Bounda Data g

?

g
Barrier Wysy)

: = Yy(y)-Thosas

- 14Wy()
= 0 r

*
so that

Woo S
wxo(X) = 0

59To
.

E80 s. t .

1gcy)-g(x)/22 viy-XoldS

if on the other hand 1y-10125 · (g(y)-gixo = 2 Supg1 Wylynotdee
a

=>
- 2 - Kwysy) < g(y) -

g(x) = 2+ kwxoly)
largehigh

-yaB ,



Our goal is to replace the above gly) with way ,
and for yes

-
- 2-KWxlyi + get @aayy by for
-
this is subharmonic function ↳

using construction ofhe via Herron's method.

below boundary data

- on the other hand
.

raysgig
+ 2 + Key> vyce

this is superbarments & V admissible subharmonic.

By Maximum Principle

vey) < gi + & + Kyoly> OyEt

But w is arbitrary admissible subharmonic funtion.
take sup gives u

- lusy)-g(xos) = a + KWxoly) · first send yeXo ,

then 260.

we conclude necie (iii) El



Problem Dirichlet problem for L= f Poisson's Equation

I
au =fr withf exterior Ball condition.

u =

gum
What conditions onf can we make this problem well-posed ?

morally , One want to decompose I= + W.

where aw = f M" S
4V = 0 M

V = n- w um ,

forf compactly suppeted.-
this has unique solution

It suffices to study the behavior of from our Problem ②
w st W = f



· Refine Newtonian Potential wex) : =Jfuys Texy dy
Why is this a reasonable choice ?

Recall our derivation

Jen = Sin4+ Joies -I
↓ Jun-Jones .

f" "SXo
Also recall

Ex = Tx
.+- harmonic in m

thus wexol = J flyTexoyidy + something heromonic
s
-

We take Newtonian Potential
from here



When is this well-defined ? Recall Tex = cnix
-> When is we Co? let suppif) = BR.

1w(X)e)If . IPI . Ef .JRznp.
were pot. need 2-npf +n - 1 c - 1

->
When is we c 7 p > Ne

10wcx)f4IfRule
need 11-mf + H-1 > - A

p > n .

But can we repeat the same procedure for we c?? No !



Forw to be 12 .

We in fact need fo Cod. for 0 <XC1.
& compact support

Formula Gijw(x) = Effex + p . v . (GijT + f(x) (A)

where p. v . (K * f) (x) := ImSKeys fexydy for some kene

-> We can develop some theory forKiTR thaskx=
· Jesu = o assume g: (B,

< IR

Indeed GigT satisfies such requirements for K. Lipschitz
-> claim : for feC , Tf(x) : = pr . CK*f((X) is continuous-

uniformly in s

prof . notice Sprice = 152"Dids= O

the -20 · SorBax-y< Kindy = Salsaty-fex)ky defiant:20
thus 11Tf "d = 2.

X
270

morover (proxy fix)kydy :efhord.
danth+

dra is pac >o
=> If is continuou Et



- We show the formula <A)

of take Ts as our approximation for
P

.
then Giga"-sc* f) = Eytief = [DijtX,

lef +Digif
- CYBc) * f +Gigif
:fex + p .

v . [Ojjef)() -

We've demonstrated that

for fect" we

therefor our Problem admits necrNCI) solution

BUT since felo , Why can't ne (ii) 2
.

27 .

lefts check this !



-> claim : for fel in fact Tf(x) & Co
.

=> neinnin

Pef take arbitrary y + z denate a= 1y
- z)

B4aLE? the Tfiz) : SK(z-X(fe-fid
Balys

· z
Sekzx(fexf

y

Tfuy) = Scru Kly-x (fex-feyi) dy
- Says: + JBx (fex-fiz)dx +-x(fla

freeto switch -S- since away fromy:Now subtract both. ocat)-
O (c) using the ball Byali

1Tfryl - Tfze) = Jockzx-Ky-xllfox-fz dy
its· a. Jointe dr : oca

4C
=> TfeC" El


